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Abstract. This paper presents a novel method for 2D high-order cage-based deforma-
tion using polygonal surface patches, providing a unified framework that supports
various types of polygonal patches. The proposed deformation process comprises two
main components: the contribution from the cage corner points and the influence of
the middle control points along each boundary curve. First, a coarse deformation is
reconstructed using generalized barycentric coordinates derived from the deformed
cage corners. Then, displacement curves defined by the middle control points on each
cage edge are employed to refine the deformation, precisely relocating the transition
points to their final positions. Extensive experimental results demonstrate that our
method produces high-quality results across diverse 2D deformation scenarios.
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1 Introduction

Cage-based deformation (CBD) [8] has emerged as a widely adopted and effective tech-
nique in geometric modeling and computer graphics, providing intuitive shape manip-
ulation through coarse control structures [17]. The method utilizes a simple control
mesh (cage) that encapsulates the target object, with deformation governed by gener-
alized barycentric coordinates (GBCs) [2] to establish a mapping between cage vertices
and interior points. Despite its effectiveness in various applications, traditional CBD
method exhibits two notable limitations due to its linear boundary interpolation: first,
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the requirement for cage refinement and subsequent GBCs recomputation when addi-
tional degrees of freedom are needed [4]; second, the inherent constraint of maintaining
piecewise-linear boundary representations [6, 16].

As an extension of traditional CBD, high-order CBD introduces the ability to repre-
sent curved cage boundaries, thereby greatly expanding the expressiveness of deforma-
tion techniques. Through degree elevation, linear edges of the cage can be transformed
into higher-degree Bézier or spline curves by inserting middle control points. This pro-
cess provides additional degrees of freedom along each boundary segment, allowing for
more refined control over shape transformations. By enabling curved cage boundaries,
high-order formulations significantly enhance the visual quality of the deformation pro-
cess, addressing key limitations of linear models in both flexibility and shape fidelity [10].
However, existing high-order CBD methods typically require the surface patches used
for deformation to satisfy the property of generalized barycentric reproduction (see Sec-
tion 4), which limits the adoption of alternative patch types that may offer superior geo-
metric or visual properties.

In this work, we introduce a novel framework for 2D high-order CBD that leverages
a broad class of parametric polygonal surface patches. Unlike traditional approaches
that are often limited to specific patch types, our method offers a generalized and uni-
fied formulation capable of incorporating various polygonal patch representations within
a high-order deformation pipeline. For surface patches that inherently support direct
deformation, our method yields results equivalent to conventional methods. More im-
portantly, it enables the use of a wider variety of polygonal surface patches that would
otherwise be unsuitable for direct deformation, potentially yielding superior results and
expanding the applicability of high-order CBD.

The remainder of this paper is organized as follows. Section 2 provides a review of re-
lated work on high-order CBD. Section 3 introduces three curve deformation approaches,
which are subsequently extended and analyzed for high-order CBD in Section 4. Section 5
presents experimental results and comparisons on various surface patches. Section 6 dis-
cusses the limitations of the proposed method. Finally, the paper concludes with a sum-
mary of the key contributions.

2 Related work

For high-order CBD through cage coordinates, Li et al. [10] first introduced the concept
of curved cage boundaries and proposed the cubic mean-value coordinates (MVC). This
method transforms linear cages into curved ones by replacing straight edges with cubic
Bézier curves, thereby increasing the expressiveness of the deformation. However, as
an extension of the classical MVC [3], cubic MVC inherits several inherent limitations. In
particular, when applied to non-convex cages, it may generate negative weights, which
can lead to visually undesirable artifacts during deformation.

In 2023, Michel and Thiery [14] proposed polynomial Green coordinates (PGC), which
extends Green coordinates [12] to support cages with polynomial boundaries. However,
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since conformality and interpolation are inherently conflicting properties, the resulting
deformations may not adhere tightly to the target boundary. Furthermore, the method
requires users to manually define all boundary curves, which reduces usability, and the
involved mathematical computations become increasingly complex as the polynomial
degree increases.

In 2024, Lin and Chen [11] introduced the polynomial Cauchy coordinates, which
generalized Cauchy coordinates [22] to handle Bézier boundaries, enabling both polygon-
to-curved and curved-to-curved deformations by leveraging an inverse mapping from
an intermediate polygonal domain. While the approach supports flexible and general-
purpose deformations, its reliance on inverse mapping introduces numerical instability.
A particularly critical drawback is the potential for boundary self-intersections, which
can significantly compromise the geometric validity of the resulting shape.

For high-order CBD through polygonal surface patches, Smith and Schaefer [16] pro-
posed a selective degree elevation algorithm based on S-patches [13] in 2015. By applying
degree elevation only to selected edges, the method effectively limits the number of con-
trol points while transforming linear boundaries into Bézier curve boundaries. However,
since the deformation relies solely on the newly inserted control points and lacks global
consistency constraints, it often results in unintended distortions.

In 2024, Qin et al. [15] proposed a CBD method using C0 generalized Coons patches
(C0 GC patches). By applying Bézier degree elevation to raise the order of linear cage
boundaries, the method obtains additional middle control points, which can then be ma-
nipulated to achieve flexible boundary deformation. It also supports the use of arbitrary
free-form curves, such as B-splines, to represent cage boundaries.

Over the past few decades, a variety of multi-sided parametric surface patches have
been proposed for hole-filling in surface modelling [21]. However, these existing ap-
proaches cannot be directly applied to cage-based deformation. Motivated by this limi-
tation, we aim to develop a high-order CBD method that supports various types of polyg-
onal surface patches, enhancing both flexibility and robustness in 2D shape modeling.

3 Curve deformation

To lay the foundation for high-order CBD, we first examine the case of curve deforma-
tion in 2D. In the following high-order CBD framework, the original cages are assumed
to have linear boundaries, whereas the deformed cages may possess higher-order bound-
aries. Accordingly, we describe the process by considering an original curve represented
as a linear Bézier curve and a deformed curve represented as a d-degree Bézier curve.

Assume that the original curve is defined as

Ci(t)=B1
0(t)Vi+B1

1(t)Vi+1, (3.1)

where B1
0(t) and B1

1(t) denote the Bernstein basis functions of degree 1, and Vi and Vi+1

are their corresponding control points. By applying the degree elevation formula, the
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curve can be represented as a Bézier curve of degree d, which introduces d−1 middle
control points, denoted as P1,P2,. . .,Pd−1.

The deformation of the Bézier curve is achieved by adjusting these control points.
Specifically, the deformed first and last control points are denoted by V ′

i and V ′
i+1, while

the deformed middle control points are denoted by P′
1,P′

2,. . .,P′
d−1. Our objective is to

determine the deformed curve C′
i(t) given these deformed control points.

To the best of our knowledge, existing strategies can be broadly categorized into three
main classes [18, 20]. While these approaches are mathematically equivalent in the de-
formation of a Bézier curve, their implications diverge considerably when extended to
high-order CBD. As illustrated in Fig. 1, the process is exemplified for the case where the
deformed curve has degree d=3.

a) Construction approach b) Displacement approach

c) Transition approach

Figure 1: Three representative approaches to Bézier curve deformation with curves and control polygons shown
in blue (original), red (deformed), and green (transitional).

3.1 Construction approach

Given the control points of a Bézier curve, the most straightforward approach to evalua-
tion is through its formulation. The deformed curve can be expressed as

C′
i(t)=Bd

0(t)V ′
0+

d−1

∑
k=1

Bd
k (t)P′

k+Bd
d(t)V ′

1, (3.2)

where Bd
k(t) denotes the Bernstein basis function of degree d.
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3.2 Displacement approach

An alternative approach is to represent the deformation as a displacement from the orig-
inal curve. Specifically, the displacement vectors associated with the first and last control
points are D0 = V ′

i −Vi and Dd = V ′
i+1−Vi+1, while those corresponding to the middle

control points are Dk=P′
k−Pk for k=1,2,.. . ,d−1. Accordingly, the displacement curve is

defined as

CD(t)=
d

∑
k=0

Bd
k (t)Dk. (3.3)

In this case, the deformed curve is expressed as the sum of the original curve and the
displacement curve

C′
i(t)=Ci(t)+CD(t). (3.4)

3.3 Transition approach

Another approach is to employ a transitional curve as the reference, rather than the orig-
inal curve. Specifically, a linear Bézier curve is first constructed from the deformed end-
points V ′

i and V ′
i+1

CT(t)=B1
0(t)V ′

i +B1
1(t)V ′

i+1, (3.5)

which we refer to as the transitional curve. This curve is then elevated to degree d,
thereby introducing d−1 middle control points, denoted as Q1,Q2,. . .,Qd−1.

Analogous to Section 3.2, a displacement curve CD(t) is introduced to capture the
deviation of the deformed curve from the transitional curve. Since the endpoints of the
transitional curve already coincide with those of the deformed curve, the displacement
vectors at the first and last control points vanish, i.e. D0=0 and Dd=0. Consequently, the
deformed curve can be expressed as the sum of the transitional curve and the displace-
ment curve

C′
i(t)=CT(t)+CD(t). (3.6)

4 High-order cage-based deformation

Let the original cage be a closed polygon with n vertices V1,V2,. . .,Vn. Each boundary
curve is represented by a linear Bézier curve Ci with endpoints Vi and Vi+1. We denote
by Ω the original cage space, i.e. the cage together with its enclosed interior region.
After deformation, the corner vertices of the cage are relocated to V ′

1,V ′
2,. . .,V ′

n, and each
deformed boundary curve C′

i is defined with endpoints V ′
i and V ′

i+1. Correspondingly,
the deformed cage space is denoted by Ω′.

When a selected patch is employed for 2D deformation, its domain polygon is Ω. For
any point x∈Ω, its GBCs with respect to the n cage vertices are written as (λ1,λ2,. . .,λn).
The patch can be regarded as a mapping S :Ω→R

2. In particular, if the patch satisfies the
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generalized barycentric reproduction property [15], namely, when its boundary curve is
linear, it reduces to the identity mapping

S(x)=
n

∑
i=1

λi Vi = x. (4.1)

For the deformed patch S′, the domain polygon remains Ω, while only the configuration
of its boundary curve is modified. In this work, we primarily employ the side-blend
patch [9, 21], which does not possess this property, and compare it against patches that
do, including the C0 GC patches [15], the generalized Bézier (GB) patches [18, 19], and
the selective degree elevation for S-patches [16].

It is widely recognized that the construction of most multi-sided parametric surface
patches is based on local parameterizations, which transform a quadrilateral domain de-
fined by a specific side or corner into the corresponding multi-sided domain [21]. In this
work, we adopt the “side” and “distance” parameters from GBCs. Accordingly, for the
i-th edge of Ω, we define its side parameter and distance parameter as follows:

si(x)=
λi+1

λi+λi+1
, di(x)=1−λi−λi+1. (4.2)

Fig. 2 illustrates the isolines of si and di in both convex and concave polygons. The si-
isolines sweep across the domain from the (i−1)-th side to the (i+1)-th side, while the
di-isolines emanate from the i-th side and extend toward the opposite sides of the domain.
Together, these two families of parameter lines establish a structured coordinate system
for multi-sided surface patches.

The high-order CBD deformation process consists of two stages.

1. Binding: Reproduces the entire cage space using GBCs

x=
n

∑
i=1

λi Vi. (4.3)

a) si in convex polygon b) di in convex polygon c) si in concave polygon d) di in concave polygon

Figure 2: Isolines of the si and di in both convex and concave polygons.
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2. Deformation: Deforms the cage space by adjusting the boundary curves

Ci(si)→C′
i(si). (4.4)

The goal is to derive Ω′, namely the deformed position x′ corresponding to each x.
As in Section 3, three approaches can be employed to achieve this deformation.

4.1 Construction approach

The most straightforward approach is to directly apply the selected patch formula to the
deformed boundary curves. Therefore, the deformed position can be computed as

x′=S′(x). (4.5)

However, its applicability is restricted to surface patches that satisfy the generalized
barycentric reproduction property. In the absence of this property, the resulting defor-
mation may becomes invalid.

4.2 Displacement approach

An alternative approach is to represent the deformation using some displacement curves.
First, reconstruct the original position using GBCs

x=
n

∑
i=1

λiVi. (4.6)

Then, for the i-th boundary curve, define a displacement curve to represent its deforma-
tion

Ci,D(si)=
d

∑
k=0

Bd
k(si)Dk. (4.7)

Finally, by adding the displacement curves of all boundary curves to the original position,
we obtain the deformed position

x′= x+
n

∑
i=1

Wi Ci,D(si), (4.8)

where Wi denotes the blend function associated with the i-th side of the selected patch.
Table 1 presents the blend functions for the C0 GC patch and the side-blend patch, and

Fig. 3 further illustrates the contour maps of Wi, providing a comparison between the two
patches in both convex and concave polygonal domains. For the C0 GC patch, it is con-
structed based on the Boolean sum formulation, where side interpolants are combined
with side blends, and correction surfaces are coupled with corner blends. Consequently,
the corresponding side blend function Wi is influenced by three adjacent sides. Specifi-
cally, the side blend function is nonzero only across three sides: It takes the value 1 on
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Table 1: Blend functions of various patches, with αi =di−1/(di−1+di) and βi =di+1/(di+1+di).

Patch Blend function

C0 GC Wi =λi+λi+1

Side-blend Wi =
(λi+λi+1)αiβi

∑
n
k=1(λk+λk+1)αkβk

Figure 3: Contour plots of Wi for convex and concave polygons: C0 GC patch (left two) and side-blend patch
(right two).

side i, gradually decreases on sides i−1 and i+1, and vanishes at the respective adjacent
corners. In contrast, the side-blend patch is formed as a convex combination of the inter-
polants defined along the edges. Its side blend function is localized: It takes the value 1
exclusively on the i-th side and remains zero on all other sides.

4.3 Transition approach

Another approach is to use a transitional position as the base. First, reconstruct the tran-
sitional position using GBCs

x′T =
n

∑
i=1

λi V
′
i . (4.9)

Then, for the i-th boundary curve, define a displacement curve to represent its defor-
mation. Unlike the previous displacement method, the endpoints here remain fixed, so
their displacement vectors are zero. Finally, by adding the displacement curves of all
boundary curve to the transitional position, we obtain the deformed position

x′= x′T+
n

∑
i=1

Wi Ci,D(si). (4.10)

For the three approaches, the C0 GC patch, GB patch, and S-patch can all adopt the
construction approach, whereas this approach is not applicable to the side-blend patch.
With respect to the displacement and transition approaches, for the C0 GC patch and GB
patch, the transition approach produces results identical to those obtained with the con-
struction approach, whereas the displacement approach does not. In contrast, for the
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side-blend patch, the transition approach yields superior results compared to the dis-
placement approach. A visual comparison of these outcomes is provided in Fig. 4.

Figure 4: Deformation results for a square-shaped. All cases employ the same cubic cage and are evaluated on
four types of surface patches: the C0 generalized Coons patch, the generalized Bézier patch, the selective degree
elevation for S-patch, and the side-blend patch. For the side-blend patch, results from both the displacement
and transition approaches are presented. Wachspress coordinates [6] are used to evaluate all patches.

5 Results

In this section, we compare several results to demonstrate the effectiveness of our method.

As illustrated in Fig. 4, the C0 GC patch and the GB patch exhibit noticeable distor-
tion, while the S-patch introduces visible artifacts (in the red frames). For the side-blend
patch, the displacement approach results in significant visual distortion. In contrast, the
transition approach yields comparatively better results (in the purple frames).

Moreover, we analyze the distortion of the mapping from the original cage space Ω to
the deformed cage space Ω′. Fig. 5(a) shows the area distortion, evaluated by the determi-
nant det(J f ) of the Jacobian J f for each triangular face f . Here, det(J f )=1 indicates area
preservation, det(J f )> 0 with values 6= 1 indicates local scaling (expansion or contrac-
tion), and det(J f )<0 indicates fold-overs. Fig. 5(b) shows the angle distortion, measured

by the most isometric parametrizations (MIPS) energy [1, 5] trace(J⊤f J f )/det(J f ). The

minimum value of 2 is attained precisely when J f is a similarity transformation (angle-
preserving), while larger values indicate higher angular distortion. For visualization pur-
poses, flipped triangles are assigned a MIPS energy of −1 to clearly indicate fold-overs
in the plots.

As illustrated in Fig. 5, for the C0 GC patch, GB patch, S-patch, and side-blend patch
with displacement approach, fold-overs occur on both sides of the domain (pink regions).
Furthermore, the Jacobian determinant plot reveals that the area distortion is particularly
severe near the lower-left and upper-right corners. Consistently, the MIPS energy visual-
ization highlights higher energy values along both sides of the domain (cyan regions). By
contrast, the side-blend patch with transition approach produces relatively better result
compared to the other methods.

In Fig. 6, both the C0 GC patch and the GB patch exhibit unintuitive behavior: When
the upper-right corner is displaced, the character’s head bends leftward, causing the fa-
cial expression to shift in the opposite direction. By contrast, the S-patch and the side-
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a) Area distortion: Jacobian determinant

b) Angle distortion: MIPS energy

Figure 5: Area and angular distortion of the deformation shown in Fig. 4. Top row: Jacobian determinant
visualizing area distortion. Bottom row: MIPS energy indicating angular distortion.

blend patch produce more natural deformations. The differences are further highlighted
by the texture on the character’s right arm: While the C0 GC patch and the GB patch
induce a leftward drift, the S-patch generates a slight rightward shift, and the side-blend
patch maintains an almost vertical alignment.

As shown in Fig. 7, although the S-patch produces slightly inferior deformation re-
sults, all methods are still able to complete the model deformation. Nevertheless, across
the entire cage-space, the C0 GC patch, GB patch, and S-patch still produce fold-overs
in certain regions (red frames). In contrast, the side-blend patch achieves deformations
without visible artifact (purple frame).

Although the side-blend patch achieves favorable deformation results, the transition
approach cannot guarantee fold-over free mappings. As shown in Fig. 8, all other patches
exhibit noticeable fold-overs on the model, while the side-blend patch performs well in
these regions. In the distortion visualization of Fig. 9, the side-blend patch also presents
some fold-overs (pink regions); however, these are confined to smaller areas, thereby
demonstrating its superior performance compared to the other patches.

Finally, Fig. 10 provides a gallery of deformation results obtained with the side-blend
patch under the transition approach, demonstrating that its performance is superior to
the other three patches discussed in this paper.
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Figure 6: Deformation results of the gingerbread-man model. From left to right: the original cage and object,
deformed results obtained using the C0 GC patch, GB patch, selective degree elevation for S-patch, and side-
blend patch with the transition approach. Harmonic coordinates [7] are used to evaluate all patches.

Figure 7: Deformation results of the fish model. From left to right: the original cage and object, deformed
results obtained using the C0 GC patch, GB patch, selective degree elevation for S-patch, and side-blend patch
with the transition approach. Harmonic coordinates [7] are used to evaluate all patches.

Figure 8: Deformation results of the crab model. From left to right: the original cage and object, deformed
results obtained using the C0 GC patch, GB patch, selective degree elevation for S-patch, and side-blend patch
with the transition approach. Harmonic coordinates [7] are used to evaluate all patches.

6 Limitations and future work

Although our method demonstrates effective 2D CBDs using various polygonal surface
patches, several limitations remain, offering promising directions for future research.

First, the current approach does not provide a theoretical guarantee of foldover-free
deformation. This is primarily because the deformation is computed via explicit barycen-
tric interpolation combined with displacement correction, without incorporating global
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a) Area distortion: Jacobian determinant

b) Angle distortion: MIPS energy

Figure 9: Area and angular distortion of the deformation shown in Fig. 8. Top row: Jacobian determinant
visualizing area distortion. Bottom row: MIPS energy indicating angular distortion.

Figure 10: Gallery of deformation results using the side-blend patch with transition approach. (a) Book - page
warping on both sides; (b) Penguin - unrealistic arm articulation during dance motion; (c) Plant - leaf curvature
artifacts; (d) Horse - ear deformation and unnatural leg elevation; (e) Butterfly - wing bending distortions; (f)
Pochacco - exaggerated ear and tail reaction.
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injectivity constraints or optimization-based safeguards. While experimental results
show that our method produces high-quality deformations even for surface patches lack-
ing the property of generalized barycentric reproduction, establishing theoretical guar-
antees remains an open challenge for future work.

Second, the current approach relies exclusively on generalized barycentric coordi-
nates computed with respect to a linear cage. While this provides good deformation
behavior, it limits the expressiveness of the deformation space. An interesting direction
for future research is to investigate the integration of higher-order cage coordinates into
our framework to further enhance deformation quality and flexibility.

Third, our current method is designed and evaluated only in the 2D setting. Extend-
ing the proposed high-order deformation strategies to 3D remains an open and chal-
lenging problem. Future work will investigate whether a unified framework can be de-
veloped for 3D surface or volumetric deformation, leveraging analogous principles of
polygonal patches and generalized coordinates in higher dimensions.

Conclusion

We have presented a novel deformation method that unifies various types of polygonal
surface patches for 2D high-order cage-based deformation. Our framework allows dif-
ferent patch types to be used interchangeably within a single, coherent approach, thereby
enhancing flexibility and expressiveness in shape modeling. The experimental results in-
dicate that even surface patches without the generalized barycentric reproduction prop-
erty (e.g. side-blend patches) can yield superior outcomes under this approach compared
to those that possess the property. Moreover, based on extensive experimental results and
quantitative observations, we find that the outcomes and metrics of the C0 GC patch and
the linear GB patch are identical, indicating that they are fully equivalent. By providing
a unified and consistent framework, our work broadens the applicability of polygonal
surface patches in computer graphics and geometric modeling, and offers a robust, ver-
satile foundation for high-order 2D deformation tasks.
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